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V. Conclusions

The numerical performanceof a new LMI-baseddesigntechnique
for robust H, controllersis analyzed for systems with real paramet-
ric uncertainty. This technique iterates between solving 1) LMIs for
the analysis parameters with the controller values fixed and 2) LMIs
for the controller values with the multiplier parameters fixed. The
approach s, thus, quite similar to the D-K iteration typically used
for p synthesis. The results from this new algorithm were validated
using a previously published benchmark example. Note that, from
previous experience with both gradient optimization and LMI syn-
thesis, an important potential advantage of the LMI approachis the
low implementation overhead associated with this optimization, es-
pecially given the simplicity of current semidefinite programming
interfaces.!* This advantage also greatly simplifies the extension
of the algorithm to include more general stability multipliers, as
discussed in Ref. 16. Because controller synthesis is a noncon-
vex optimization problem, this iterative algorithm is generally not
guaranteed to converge globally. However, for the numerical results
presentedon two standard benchmark problems, the synthesis algo-
rithmis shown to rapidly convergeclose to the local optimal solution
(typically in 3-4 iterations).
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New Class of Intermediate-Thrust
Arecs for Trajectories
in Newtonian Gravitational Fields

D. M. Azimov*
Tashkent State University, Tashkent 700057, Uzbekistan

Introduction

A S is known, the optimal trajectories of a rocket moving with
constantexhaustvelocity and limited mass-flow rate in a New-
tonian gravitational field may consist of arcs of null thrust (NT),
intermediate thrust (IT), and maximum thrust (MT).! The IT arcs
represent singular arcs, and their appearance is a degenerate case
with added difficulties in determining the controls? All analyti-
cal solutions for the IT arcs can be divided into two classes: so-
lutions for cases of free-and fixed-time problems. In the first case,
Lawden’s spiral,"-? spiral-shapedtrajectories’ and two classes of al-
ternative spirals* in which the expression for the radius vectoris the
same as for Lawden’s spiral are known. For the fixed-time problems
some spiral,*> circular,®’ and spherical trajectories”® were found.
It was shown that Lawden’s spiral is nonoptimal*>*!° Other solu-
tions, taking into account the minimizing functional, do not satisfy
the transversality condition® or Robbins’s condition*¢~° However,
some spirals can satisfy these conditions and may be used for solv-
ing the interorbital transfer problem.* Although all of these results
representsome progress in solving the problem, questionsaboutex-
istence of other solutions to IT arcs, their optimality, applicability,
etc. have not been thoroughly studied. The analysis of known works
shows that to verify optimality and applicability of IT arcs for the
specific problem, it is necessary to investigate them for conditions of
existence, optimality, transversality,and continuity at the switching
points. The present work is devoted to developing this point of view
on the basis of new spiral trajectories for the IT arcs.

Statement of the Problem

The equations of motion in the Newtonian field may be given in

the form!
1')=(cm/M)u—(/.1/r3)r, F=v, M=-m

where r =(r, 0, 0) is the radius vector of the spacecraft with ori-
gin at the attracting center, v =(v,, V2, v3) is the velocity vector,
u=(uy, Uy, uz) is a unit thrust vector, M is the mass of the space-
craft, m (0 < m < m) is the mass-flow rate, and c is the exhaust
velocity. Here the components of all vectors are given in a spheri-
cal coordinate system (r, 6, and 6) with the origin at the attracting
center.” The known theory of optimum trajectories does not allow
use of constraintsin the form of inequalitiesand, therefore, we trans-
form the inequality for the m to an equality via introduction of a
slack variable.! For this it is required that m satisfies the equality
m(m —m) — o =0. Additionally, for the components of the thrust
vector the following equality will hold: u? +u3 +u3 = 1. The m, o,
and u; (i =1, 2, 3) are piecewise continuous control functions. For
simplification, all variables are denoted by x; (i =1, ..., 7), thatis,
the components of v are denoted by xy, x,, and x3; the components
of r are denoted by x4, x5, and x6; and the rocket mass is denoted by
x7. It is assumed that the initial conditions x; =x;o (j =1,...,7)
and final conditions x, =x,;,n =1,...,[,and [ < 7 are given. It
is required to find the time histories of m, a, and u; such that x;
would satisfy the equations of motion, the preceding control con-
straints, the initial and final conditions, and minimize the given
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functional' J(x; 4 1.1, X1 +2.1, - .., X7.1). The costate equations are
given by!

A=-A, A, = (u/rHA =3/ r)r)r

A = (cm/ M*)ul.
where A = (A4, 4,, A;) is the primer vector,'
Ar = [y L (02l ) + (Aaf 1) (V31 g8 — vi) = A3(vo/ P)tg S
+ (As/(r c0s &), L (v3l 1) — A3(vi/7) + (As/1)]

is the vector conjugate (adjoint) to r; A4, As, and A¢ are multipliers
conjugate to r, 6, and 9, correspondingly; and A, is a multiplier
conjugate to M. It can be shown by the Weierstrass conditions'’
or the Pontryagin maximum principle*!! thatu =A/A and the state
and costate equations may be rewritten as’

v = (cm/MY(AIA) — (u/ r)r, =, M =-m

A =-A,, A, = (u/rHA =3/ YA

A7 = (cm/M*)A (1)
which is of a canonical type

oH . 0H ,
==, A =——, i=1....,7

X =

oA
with the Hamiltonian

H=—u/r)Ar+ Ay +ym

where y =(c/M)A— A, is the switching function. Note! that if
a=0 then m =0 or m =m, and if o # O the intermediate val-
ues of m are accessible 0 < m < m. As is well known from the
Weierstrass conditions"” or the Pontryagin maximum principle > !!
x =< 0 on the NT arcs where m =0, y =0 on the IT arcs where
0 < m < m,and y =0 onthe MT arcs where m =m. The IT arcs

will now be considered.

Some Relations for the IT Arcs

For the IT arcs in the polar case the following first integrals of
Egs. (1) are known®!!:

MO [r =l r?) = 2ol r) + Avi + As(valr) =C  (2)

Avy + Aovs — 2447 + cAl(My/ M) — 3Ct = C, 3)
M =C, 4)
As =C; (5)

where C, Cy, C,, and C; are integrationconstants. From the equali-
ties y = x® =x® =0 we find the following invariant relations'?:

My + LA (val 1) = 5(vi /1) + As(Aalr) =0 ©6)

1+ [l r) = Aol r) + s/ =A%l r?) = 323 (u/ )
)
(A2 =520 v; + 24, (A vy + Ayv,) — 44 Agr =0 ®)

Excluding A4, A5, and (A,v, — A,v) from Eqgs. (2) and (5-7), we
obtain

CP At +6uCIP A + uCIR[3(AT/ 27) = 1]r + 9447 =0 (9)

where A = const, A; =Asin @, 4, =Acos @, and ¢ is the angle be-
tween A and perpendicular to r. Some solutions of Eq. (9) were
presentedin Ref. 4. We will now obtain new solutions of this equa-
tion for IT arcs and study the necessaryconditions of their optimality
and applicability.
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Spiral IT Arcs

In this section we will obtain the analyticalsolutions of the canon-
ical system (1) in the case when the minimizing functional is ex-
plicitly independent of flight angular distance. The transversality
condition for the final time yields'

oJ

Asp = —— =0 10
51 20 (10)

where 6 is the final value of the polarangle. Then taking into account
the cyclic integral (5) we can conclude that A5 =0 over the entire
length of the trajectory. Consequently, from Eq. (9) we obtain

r =[-(3uAl C)sin’ (p]% (1)

whichis valid for C < 0, sing > 0or C > 0, sin ¢ < 0. Excluding
the multiplier A, from relations (6-8) we find the components of
velocity

=2—q (12)
(322 —522)

522 — 722
Vo = ————————q (13)
21(322 = 52)

where
g1 = [Cray + 2(u/)]*
and consequently the polar angle and time in terms of the angle ¢
0=-Lcotp— o+ (14)
. =2] (5sin® @ — 3)de
4] [r22u(l - 3sin® @))%

+ 1, (15)

Substituting A4 from Eq. (8), v, from Eq. (12), and v, from Eq. (13)
into integrals (3) and (4) allows us to find the mass M and conjugate
multiplier A7 in the form

M = Mye"? (16)
A7 = (Cal My)e ™ 17)
where
(522 = 2%)

1
h(g) =—| 2

— T _3ct-C
| P R Ge =52 ‘

The mass-flow rate can be found from the condition y ¥ =0 in the
form*12

Mlll(lz - 51%)("2 —ulr) + Qg2 — v + Lhvy) + Aigs
e23r (322 = 512) cAir(32% = 547)

(18)

where

G =302V, + (A2 = 223)v; + 21,25
g3 = [222v1 = 54 (Avi + Ava) v

The system (11-18) presents parametric equations of motion on
spiral IT arcs. For sin ¢ <0, C > 0, the solutions obtained will
satisfy Robbins’s condition'> and can be used in problems on
minimization of the characteristic velocity. When ¢ is changed
from @ =0 to ¢, =arcsin[—(1/ /3)], the value r is increased from
r=0tor =% J(Ap/ C), (C > 0), whereas the polar angle 6 is
decreased from 0=+ to 0=0,+ 1785 - %(pl. It is clear that
—(1/ 4/3) < sin ¢ < 0 and that the direction of motion depends on
the sign of q,. Therefore, taking into account that
de 15 21

== L)
dp 4sin’g 4
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and

dr 9u sin® pcos @ <
dp  C 2r

0

it may be shown that for ¢; > 0 (d6/df < 0) the motion on an out-
ward spiral from the pole in the clockwise direction and depart-
ing to distance r = % J(Au/ C), at which ¢ and 0 are decreased,
takes place. For ¢, < 0, (d6/df > 0) the motion on an inward spi-
ral to the pole in the counterclockwise direction, at which 6 and
¢ are increased, takes place. If ¢ is changed to ¢ + 7 (or ¢ — 7),
then dr/d¢e > 0 and so, for ¢; >0 (d6/dr > 0), the r, 6, and ¢ are
increased, and motion on an outward spiral from the pole in the
clockwise direction takes place. For g, < 0 (d6/df < 0) values of
r, 0, and ¢ are decreased, and the motion on an inward spiral to
the pole in the counterclockwise direction takes place. Note that
analysis of the solutions for components of velocity shows that the
angle between the direction of motion and the perpendicular to r
is ~0.4¢.

Example

As an example, on the basis of results just obtained, consider the
problem of determination of the optimal fixed-time transfer trajec-
tory between coaxial elliptical orbits with eccentricities e; and e,
and semilatus recta p; and p, by intermediate thrust force. Longi-
tudes of pericenters w; and @, are assumed to be zero. The char-
acteristic velocity is considered the minimizing functional. In this
case A;(t)) =—(0J/0M;) =c/ M,, where t; is the final time of the
transfer. For convenience, it is assumed that the transfer trajectory
consists of an NT, IT, and NT sequence of arcs. Then, it must con-
tain two switching points. For determining this trajectory consider
the conditions of continuity of the radius and velocity vectors at the
points

12 = =3(u/C)s} = p? /(1 + e cos f,)* (19)
cos ¢; Z; =€i'u% smlfi 20)
(3 -5s%) P2

z;(5 — 78‘2) %
w6 7s) B2l + e cos f) 1)
5;(3 = 5s2) Di

where

1
s; =sing;, 7 =|[Cris; + sl.z(/.z/r,‘)]T i=12
where f; is the true anomaly. The index i represents the values of
corresponding variables at the first and second switching points.

First, sl.z should be found from

(3 =02/8) {=b2(1 + &) + [PP(er)]

ol—

1
—2b,[4(¢} + 1) = B2]7 + 4} =aX(1-3s7) (22)
where
5 —17s? 5—17s2
a, = _l, bz‘ = L
5 — 3s? §; COS @

Then unknowns f; and C may be found from

{-b:+ [+ 1) - bl?el?]% }
sin f; = 23)
2b,(1 = b2 /4)

C =-3u [s13(1 + ¢, cos fl)z]/pl 24)
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It is clear that the values of ¢; and f; depend only on e; and are
independentof the semilatus recta of boundary orbits; however, the
following equality must be satisfied:

i(1+el cos fi)? _p_f (25)

53 (1+eycos f)*  p?
Because w; = w, =0, to find 6, it is necessary to equate the value of
fi(er, @) and 6,. Then 6, = f; + £ cot g, + 2 ¢;. For determining
the primer vector for the boundary orbits, it is sufficient to find its
coefficients B; and D; from the equationsevaluatedat the switching
points':

sing, = B;e;sin f; + CLy;(f;, €;) (26)

D.CLy(f:, e,
cos@ = B;(1 +e;cos f;) + M 27)
1+ ¢; cos f;

where
cot f; 1+eicosfil
e; (1 +¢; cos f;) i

L =

e; sin f;

daf

sin® f(1 + ¢; cos f)?

Ili =Sinﬁj

For the application of results obtained in this section, the trans-
fer between elliptical orbits with eccentricities 0.21 < e; < 0.27
(I =1, 2) has been considered. In particular, for transfer between
elliptical orbits with e; =0.21, p; =9000.0 km, e, =0.27, and
P> =9731.701 km, the numerical solutions of Egs. (19-22) and
the values of other variables, including the results for impulsive
transfer, are the following: r; =7628.3460 km, r, =7818.422 km,
sin f; =0.51658, sin f, =0.42253, sin @, =—0.48721, sing, =
—0.49527,t =105.5543s,C =0.002376547, Wi =0.694582,¢, =
0.28,py =9548.50 km, and A Vi, =0.28593. Here Wiy is the ratio
of characteristicvelocity for the transfer by IT arc to the local circu-
lar velocity, and e, and p,, are, respectively, the eccentricity and the
semilatusrectum of the Keplerianellipse for the impulsive transfer.!3

Numerical results show that the system (11-18) does not have
solutions for 0.01 < ¢; < 0.21 and 0.28 < ¢; < 0.41. For ¢; > 0.41,
we have sin ¢ = —0.7486. However, because —(1/ /3) < sinp < 0,
only values of 0.21 < ¢; < 0.28 can be used for a given problem.
Note that values of ¢; have been determined independently of semi-
latus recta of the boundary orbits. The ratio between characteristic
velocities for transfers via IT and impulsive thrust satisfies the in-
equality 1.6 < Wi/ AV,,, < 5. Hereafter we will show how to use
Eqgs. (19-27) to determine the transfer trajectory.

1) It is necessary to find the angles ¢; and f; foranye; (i =1, 2),
respectively [from Egs. (22) and (23)].

2) At known e, ¢, and fi, the C and, consequently, 7 can be
found depending on p, [from Eqgs. (19) and (22)].

3) For ¢; of the specific orbits using corresponding values of ¢;
and f; (wherei =1, 2), and also p, and C, found correspondingto
point b, the r,, p,, t, and Wit may be determined [from Egs. (15)
and (18-25)].

4) Then the coefficients B; and D; can be easily found from
Eqgs. (26) and (27).

5) Find the values of the characteristic velocity of the impul-
sive transfer A Vj,,,,, semilatus rectum p,, and eccentricity e, of the
transfer orbit for specific p;, p,, e;, and e, of the boundary orbits."?

Conclusions

The canonical equations of Mayer’s variational problem can be
integrated analytically for IT arcs. Corresponding solutions repre-
sent the motion along spiral trajectories. The IT arcs satisfy the
necessary condition of optimality if the constant of the Hamiltonian
is positive and the radial componentof the primer vectoris negative.
These arcs can be used in the optimal fixed-time transfer problem
between coaxial elliptical orbits. However, the results show that
this transfer by IT arcs is not possible between all arbitrary orbits.
The angular variables at switching points depend only on the ec-
centricities and independently on semilatus recta and longitudes of
pericenters.



J. GUIDANCE, VOL. 23, NO. 1:

References

"Lawden, D. F., Optimum Trajectories for Space Navigation, Butter-
worths, London, 1963, pp. 54-94.

%Kelley, H. G., “Singular Extremals in Lawden’s Problem of Optimal
Rocket Flight,” AIAA Journal, Vol. 1, No. 7, 1963, pp. 1578-1580.

3Zavalishcin, S. T., “A Supplement to Lawden’s Theory,” Prikladnaya
Matematika i Mekhanika (Applied Mathematics and Mechanics), Vol. 53,
No. 5, 1989, pp. 731-738.

4Azimov, D. M., “Analytical Solutions for Intermediate Thrust Arcs of
Rocket Trajectories in a Newtonian Field,” Journal of Applied Mathematics
and Mechanics, Vol. 60, No. 3, 1996, pp. 421-427.

SMarec, J. P., Optimal Space Trajectories, Elsevier, Amsterdam, 1979,
pp. 99-101.

6Azimov, D. M., “Investigation of Optimum Trajectories in a Central
Newtonian Field,” Candidate Dissertation, Dept. of Theoretical Mechanics,
Patris Lumumba Univ. of People Friendship, Moscow, 1991.

7Azizov, A. G., and Korshunova, N. A., “On an Analytical Solution of the
Optimum Trajectory Problem in a Gravitation Field,” Celestial Mechanics,
Vol. 38, No. 4, 1986, pp. 297-306.

8 Azimov, D. M., “Spherical Trajectories for Intermediate Thrust Arcs and
Their Application,” Proceedings of the Conference on Modelling of Complex
Mechanical Systems, Tashkent State Univ., Tashkent, Uzbekistan, 1991, pp.
5-7.

9Robbins, H. M., “Optimality of Intermediate Thrust Arcs of Rocket Tra-
jectories,” AIAA Journal, Vol. 3, No. 6, 1965, pp. 1094-1098.

0Kopp, R. E., and Moyer, H. G., “Necessary Conditions for Singular
Extremals,” AIAA Journal, Vol. 3, No. 8. 1965, pp. 1439-1444.

'Edelbaum, T. N., and Pines, S., “Fifth and Sixth Integrals for Optimum
Rocket Trajectories in a Central Field,” AIAA Journal, Vol. 7, No. 7, 1970,
pp. 1201-1204.

12Burns, R. E., “A Study on the Optimal Rocket Trajectory,” ATAA Paper
71-20,1971.

BEhricke, K. A., Space Flight, Vol. 2, Dynamics, Van Nostrand, Princeton,
NJ, 1962, pp. 486-961.

Chaos Analysis on Librational Control
of Gravity-Gradient Satellite
in Elliptic Orbit
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Tokyo 191-0065, Japan

I. Introduction

IBRATIONAL motion of a gravity-gradientsatellite' in an el-
liptic orbit is governed by a system of nonlinear equations that
become nonautonomous when the effect of orbital eccentricity is
taken into consideration. It is well known that chaotic phenomenon
can be observed in such a nonlinear and nonautonomous dynamic
system over some ranges of the initial conditions. With advance-
ment of mathematical and computational tools, chaos has been an-
alyzed as a nonlinear phenomenon by such techniques as Poincare
maps, Lyapunov exponents, reconstruction of attractors, and bifur-
cation diagrams.2~* Karasopoulos and Richardson®® have applied
these techniques to analyze the nonlinear dynamics of the gravity-
gradient satellite system. Nixon et al.” and Fujii and Ichiki® have
also applied these techniques to analyze the nonlinear dynamics of
the tethered satellite system.
Recently, a few controlconceptsfor chaoshave been developedto
convertchaotic behaviorinto a periodic or constantmotion. Pyragas
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gravity-gradient
satellite

periapsis

Fig.1 System model

has proposed a control method called time-delay feedback control
(DFC) in Ref. 9. This method is robust to small parameter varia-
tions and has been successfullyused in several applications. Various
modifications have also been considered in Ref. 10 for stabilizing
strongerchaoticsystems. Analysis of the system stability controlled
by DFC has been discussed in Refs. 11 and 12. The main contri-
bution of the present paper is an attempt to apply the DFC scheme
successfully to the nonlinear dynamics of gravity-gradient satel-
lites. It is shown that the control scheme is extremely effective for
the present chaotic system.

II. Dynamical Model

The dynamic system treated in this paper is a rigid gravity-
gradientsatellitein an elliptic orbit as shown in Fig. 1. The dynamic
model is simplified by employing the following three assumptions:

1) Energy dissipation effects such as the aerodynamic drag will
be ignored.

2) Only the pitch motion in the orbital plane is considered.

3) The inertia ratio of the satellite system is taken to be one, that
is, the equal moments of inertia about the pitch and roll axes are
significantly large compared to that about the yaw axis.

The equation of pitch motion for the rigid gravity-gradientsatel-
lite in an elliptic orbit can be described as follows:

£o

. 2esinn do
=——35in(20) + —8 | — +
dr? 2(1 + ecosn)

1l =
1+ecosn\dn ) u(m

)]

where, 0, e, and u(n) denote the pitch angle, the orbital eccentricity,
and the control input, respectively, and the independent variable is
the true anomaly 7.

In general, chaotic motion means that the behavior of the system
can be predicted for the short term butnotall of the time, and the mo-
tionis regardedas chaoticif it simultaneouslysatisfies the following
two characteristics. The first characteristicis sensitive dependence
on the initial conditions. Chaos occurs in the deterministic system,
butexhibitsrandombehavior, that is, trajectoriesof a chaotic sy stem
starting from two nearly initial conditions will eventually separate
and become uncorrelated, but always remain boundedin space. The
second characteristicis topologicaltransition. The trajectory can be
close to any points in the bounded space, and such a trajectory is
said to be dense. Consequently, chaos can be defined as trajectories
that are neither equilibrium points nor periodic ones in a bounded
space.

Concerning our dynamic system, the eccentricity can affect the
nonlineardynamics through the coefficients of nonlinear terms, and
chaotic motion may occur in the situation when the eccentricity is
taken into account, as in Eq. (1).

III. DFC

The two fundamental characteristics of chaos mentioned earlier
are used for controllingthe chaoticsystem. By the use of the charac-
teristicof sensitivedependenceon the initial conditions,it is possible
to have large influence on the system dynamics by very small pertur-
bations or external influence; moreover, the response of the system



